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' Abstract. A new class of non-Hermitian Hamiltonians with real spectrum, which are writ- 

ten as a real linear combination of su(2) generators in the form H = u)J% + a J- + /3J+, 
a 7^ /3, is analyzed. The metrics which allows the transition to the equivalent Hermitian 
Hamiltonian is established. A pseudo-Hermitian supersymmetic extension of such Hamilto- 
^ ' mans is performed. They correspond to the pseudo-Hermitian supersymmetric systems of 

O" 1 the boson-phermion oscillators. We extend the supercoherent states formalism to such super- 

symmetic systems via the pseudo-unitary supersymmetric displacement operator method. 
, The constructed family of these supercoherent states consists of two dual subfamilies that 

' form a bi-overcomplete and bi-normal system in the boson-phermion Fock space. The states 

of each subfamily are eigenvectors of the boson annihilation operator and of one of the two 
phermion lowering operators. 
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1 Introduction 

X 

The study of non-Hermitian Hamiltonians with real spectrum has received a great deal of in- 
terest during the last decade [H [2] . One celebrated model of such non-Hermitian PT-symmetric 
Hamiltonian is proposed by Swanson [3], which is expressed in terms of the usual harmonic os- 
cillator creation and annihilation operators a) and a, namely H = uo(a)a + i) + aa 2 + fio) 2 with 
u, a, and /3 real parameters, such that a ^ /3 and uj 2 — 4a/3 > 0. This Hamiltonian has been 
studied extensively in the literature by several authors HI El [7] . The metric operator p, 
mapping H to its Hermitian counterpart h via the relation h = pHp" 1 , has been constructed by 
using several approaches. This Hamiltonian has been extended later on by Quesne [U [9] in the 
framework of the su(l,l) approach by writing it as a linear combination of su(l,l) generators. 

In the context of this extension, we introduce another kind of non-Hermitian Hamiltonian with 
real spectrum in the Lie-algebric framework jlOUll] , which is presented as a linear combination of 
the generators J_, J + and J3 of the su(2) Lie algebra. Then we introduce the pseudo-Hermitian 



*This paper is a contribution to the Proceedings of the Workshop "Supersymmetric Quantum Me- 
chanics and Spectral Design" (July 18-30, 2010, Benasque, Spain). The full collection is available at 
|http://www.emis.de/journals/SIGMA/SUSYQM2010.html| 
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supersymmetric extension of such Hamiltonians, and naturally extend the supercoherent states 
approach to such pseudo-Hermitian supersymmetric systems. The Hermitian version of such 
Hamiltonians has been widely used in the fields of atomic physics and quantum optics, in 
particular in the study of the interaction of two-level atom systems with a coherent radiation 

field pa naming. 

The organization of the paper is as follows. In Section [2] we study our pseudo-Hermitian 
Hamiltonian and we establish the metrics which allows the transition to the corresponding 
Hermitian one. In Section [3] we consider a pseudo-Hermitian supersymmetric system in the form 
of boson-phermior0 oscillator. In Section [J] we construct the supercoherent states (SCS) from 
the lowest (ground) eigenstates of the supersymmetric Hamiltonians H s and Hi, by acting with 
a pair of the pseudo-unitary displacement operators. We show that these SCS are eigenstates 
of the boson annihilation operator and of the pair of phermion annihilation operators. The set 
of such SCS form a bi-normalized and bi-overcomplete system. The paper ends with concluding 
remarks. 

2 Non- Hermitian su(2) Hamiltonian 

We consider the following non-Hermitian Hamiltonian: 

H = w(Y f y - i) + aY + PY\ (2.1) 

where u, a, and /3 are real parameters such that a ^ j3 and lu 2 + 4a(3 > 0, Y and Y^ are fermion 
annihilation and creation operators respectively, which obey the usual fermion algebra: 

{y,y*} = yy^ + yty = 1, Y 2 = Y^ = 0. 

The Hamiltonian (|2.ip is the non-Hermitian extension of the Hermitian fermionic Hamiltonian 
studied in greater detail in our recent work [T7]. Due to the nilpotency of the fermionic opera- 
tors Y and Y*, the Hamiltonian (|2.ip which is a linear combination of Y, Y^ and (Y'Y — i), rep- 
resents the most general form of such non-Hermitian Hamiltonians. The three operators Y, Y^ 
and (yty — ^) close under commutation the su(2) Lie algebra: 

[J+,J_] = 2J 3 , [Js,J±] = ±J±, 

where 

J+ = Y\ J_ = Y, J z = Y*Y-\, 

and j| = J3, jj_ = Jzp. Thus the Hamiltonian (|2.ip is expressed as: 

H = L0J3 + a J- + (3J+. (2.2) 

It would be useful to mention that the Hermitian version of the su(2) Hamiltonian (|2,2p . has 
been widely used in the fields of atomic and optical physics, and quantum optics, in the study of 
systems of two- level atoms interacting resonantly with a coherent radiation field [12^ [T3l [T^l [T5] . 
For this reason in the present paper we are interesting in investigation of the supercoherent state 
formalism (in Section 

1 The notion of pseudo-fermion (phermion) has been introduced by Mostafazadeh [IB]. The defining algebra 
of the phermions is a pseudo-Hermitian generalization of the usual fermion algebra, namely: a 2 — a* 2 = 0, 
oa* + a*a = 1, where a* = ^^a'rj and a are respectively the creation and annihilation operators of what 
was called the pseudo-Hermitian fermion or simply a phermion [IS], and r\ is a linear, Hermitian, and invertible 
operator. At 77 = 1 one has a* = a', i.e. the phermion algebra reduces to the usual fermion algebra. 
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Following the procedure as in 0(9], the non-Hermitian operator H can be transformed into 
the corresponding Hermitian Hamiltonian h by means of the similarity transformation 

h = P Hp- 1 . (2.3) 

This means that H admits positive-definite metric operator rj+ = p 2 . We look for the mapping 
function p in the form 

p = e e[2J 3 +z(J-+J + )] ^ (2.4) 

where e and z are real parameters. By using 2x2 matrix representation of J+, J_, and J3, 
namely 

'-(!!!)■ °. 

we find 
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n = p e[2j 3 +z(J-+J+)] = ( cosh6» + e(sinh 6>)/6> ez(sinh 0)/0 » . . 

P \ ez(sinh0)/0 cosh#-e(sinh0)/# 



where = ey/l + z 2 , and e and z are related through formula 

1 , (a-P)VlTz 2 

e = — ; arctanh , z £ K. 

2Vl + z 2 a + /3-ujz 

The mapping p can also be written in the form 

9 \a + (3 -ojz - (a- p)VT+z* ) 
Introducing (|2.5p into (|2.3j) we obtain the Hermitian h in the form, 

h = 5J 3 + X(J. + J+), (2.7) 
where 5 and A are given explicitly by 

s _ u> + (a + fi)z-z(a + P- uz)y/l - ggg 

1 + z 2 



_ „z + (a + fl* 2 + (a + g - uzUjl - ) 
2(1 + z 2 ) 

It is worth noting that in terms of parameters e, z and group generators Jj the above formulas 
are quite similar to the corresponding ones for the case of su(l,l) [HUH]. We would like however 
to emphasize that our 9 = ey/l + z 2 is manifestly real and positive, which means that in the 
su(2) approach, the positivity of the Hermitian operator p is ensured for any z£R, unlike the 
su(l,l) approach case [U [9], where z is restricted to the interval [—1, 1]. This is the principal 
difference between the metrics of the two approaches. 

We note that formulas flUJ) , flXg]) for p and (|23|) . (pO]) . t[2T7|l for # and h are valid in any 
Hermitian representation of Jj . In the case of half integer spin we can further express h in terms 
of fermionic number operator, and H - in terms of pseudo-Hermitian fermionic (phermionic) 
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number operator. In this aim we introduce the creation and annihilation operators and b 
associated to the corresponding Hermitian Hamiltonian h given in equation (|2.7p as, 

(6 + n) (5-n) 2\ t (8-n) (8 + n) 2\ 

where 



n = v 7 ^ 2 + 4a/3. (2.8) 
The operators &t and b satisfies the standard fermion algebra: 

{b, &t} = 66 f + 6 f 6 = 1, 6 2 = fe t2 = 0. 
In terms of b and 6', the Hamiltonian /i is factorized to the form of the fermionic oscillator, 

h = n(b j b- |), (2.9) 
The number operators JV = satisfies 

[6, TV] = b, [b\ N] = -b\ [b, 6 f ] = 1 - 2N, 
The Hilbert space of the single-fermion system is spanned by the two eigenstates {|0) , |1)} of N: 

b^b |n) = n\n) , n = 0, 1. 
The operators 6 and allow transitions between the states as 

6|0)=0, 6|1) = |0), & t |l)=0, fot| > = |1>. 

Now we can apply to b and $ a similarity transformation, that is inverse to (|2.3f) to get annihi- 
lation and creation operators B and B# associated to the quasi- Hermitian Hamiltonian (|2.2p . 

B = p- x bp, B* = p~ l b ] p. (2.10) 

The operators B and are related via the pseudo-Hermitian conjugation, B# = p~ 2 B^ p 2 and 
satisfies the phermion algebra [16] 



B 2 = B* 2 = 0, {B,B*} = BB* + B*B = 1. (2.11) 



Using then the equations (12.3|) . (12.9|) and fj2. lOf) we get the pseudo-Hermitian Hamiltonian (12. If) 
in a factorized form 

if = n(B*B - \). (2.12) 

The phermionic ladder operators B and can be represented in the form of (non-Hermitian) 
linear combination of the generators J3 , J±, 

B = pi J_ + p 2 J+ + 2P3J3, B* = v\ J_ + u 2 J+ + 2f 3 J 3 , 

where /ii, /U2, /^3 5 ^2 and 1/3 are expressed in terms of the H- and p-parameters co, a, 
and e, z as follows 



5 + n 



, 9 x sinh# 
l + T + z 2 )e— h(l + r)cosh6> 



s'mh9 
e — - — , 



Supersymmetric Extension of Non-Hermitian su(2) Hamiltonian and Supercoherent States 5 



M2 
V\ 
V?, 



8-tt 
2tt 
A 

~fi ~ 

s-n 
5 + n 

2Q 
_ A 

~n ' 



(l-T + z z )e- 
sinh# 



sinhf 



'1 — t) cosh 9 



sinh 9 



re- 



+ cosh 9 



sinh^ 



ze- 



+ 



re- 



(l-T + z 2 )e- 

(l + r + z 2 )e- 

sinh 

cosh I 



sinh 9 



+ (1 — t) cosh I 



sinh # 



'1 + r) cosh I 



sinh# 
" _ 9~ : 
sinh# 



sinh 9 



ze- 



where r = (w + (a + (3)z)/Q. 

Having analyzed the quasi-Hermitian Hamiltonian H given in equations f)2. II) . (12. 2p . we turn 
toward its pseudo-Hermitian supersymmetric extension and to the construction of supercoherent 
states for pseudo-Hermitian (supersymmetric) systems. 



3 Quasi-Hermitian supersymmetric extension 

Quantum-mechanical SUSY is extended to the case of general pseudo-Hermitian Hamiltonians 
[21 [16j [181 OS] by replacing the superalgebra of standard SUSY quantum mechanics [201 EI] by 
the pseudo-superalgebra 

Q 2 = Q# 2 = 0, {Q,Q*}=2H S , (3.1) 

where all operators remain Z2-graded as usual, the Hamiltonian H s is pseudo-Hermitian with re- 
spect to some ^2-graded operator r\: h\ = r]H s rj~ l , Q is the pseudo-Hermitian (PH-SUSY) gene- 
rator (supercharge) and = r]~ 1 Q^7] is the pseudo-adjoint of Q with the same r\. Mostafazadeh 
has explored in [16] the statistical origin of PH-SUSY quantum mechanics, showing that there 
exist two types of PH-SUSY realizations. The first one corresponds to exchange symmetry bet- 
ween a boson and phermion; in this case the metric operator is definite and the phermions are 
physically equivalent to the ordinary fermions. The second type, which is fundamentally diffe- 
rent from the standard boson-fermion system, corresponds to the exchange symmetry between 
a boson and abnormal phermion; in this case the metric operator is indefinite. 

Since our Hamiltonian H given in equation (|2.2p is quasi-Hermitian, the supersymmetric 
extension corresponding to H is characterized by the boson-phermion system described by the 
following Hamiltonian [16] : 

H s = H h + H = £l{a)a + B*B), (3.2) 

where = £l{a)a + ^) is the bosonic contribution and H is the phermionic one, given in 
equation fj2. 12[) : O is real and positive given in equation (|2.8p . a) and a are the standard bosonic 
creation and annihilation operators ([a, a}] = 1), and B# and B are the phermionic creation and 
annihilation operators defined by the algebra given in equation (|2.1ip . The bosonic operators a 
and at are supposed [16] to commute with any phermionic operator constructed out of B, B^ 
and 77: 

[a, B] = [a,B#] = [a,rj}=0, 

[a\B] = [tJ,B*] = [a\ V ]=0- (3-3) 
From the third relation in (j3.3j) in which a) commute with 77, we have: 
a# = ri~ l a)rj = ri~ l rja) = a) . 



1. 



O. Cherbal, M. Drir, M. Maamache and D.A. Trifonov 



Hence, for the bosonic operators a) and a the pseudo-Hermitian conjugation operation (*) 
coincide with the conjugation operation {}). 

The equivalent Hermitian super symmetric Hamiltonian is given by 

h s = pH s p~ l = Q(ala + tfb) 

The operator h s is in the form of boson-fermion oscillator Hamiltonian. The supercharges Q 
and Q# associated to H s , equation (j3.2|) . and satisfying the equation f)3. 1 1) are given by 

Q = V^i^B, Q* = V2ttaB*. 

These Q and commute with the Hamiltonian (|3.2p . 

[Q,H s }=0= [Q*,H S ). 

Since H s is quasi-Hermitian with discrete spectrum, we can introduce the complete bi-ortho- 
normal eigenbasis {\tp( ni e)), \(f>( n ,e))}-> n = 0,1,2,3..., and e = 0, 1, associated to H s , which 
satisfy 

1 1 

n e=0 n e=0 

Using h s = pH s p~ l we can easily establish the relations of the states |VYn,e))? \4>(n,e)) to the 
eigenstates |n, e) of h s , 

h s \n,e) = E n \n,e) , 

as follows: 

\^(n,e)) = P' 1 \n,e) 

and 

I0(n,e)) =p\n,e). 

Let us note that the structure of the Hilbert space of PH-SUSY systems remain Z2-graded as 
in the usual SUSY, the boson-phermion Fock space being H = Hb © Hf [13 EH]- 

4 Supercoherent states 

We embark now on the construction of the supercoherent states (SCS) for our quasi-Hermitian 
SUSY Hamiltonian H s given in equation (13.2p . We shall follow as close as possible the scheme 
of SCS for SUSY Hamiltonians developed in papers [22j [231 121] and the scheme of CS for the 
pseudo-Hermitian Hamiltonians in [25 t 126^1 . generalizing both of them to the PH-SUSY case. We 
give first the representation space on which our SCS will be defined. The set {\ip( n>e )}, |0( n ,e)}} 
of the eigenstates of H and H* respectively spans the Fock space on which our SCS will be 
defined. 

As in the case CS of phermion oscillator [25] our SCS are expected to take the form of two bi- 
overcomplete and bi-normalized families, this time in the boson-phermion Fock space T~Lb ®7~Lf- 
In this scheme we need to clarify first the action of boson and phermion ladder operators on 



2 For more rigorous math treatment of the model see Bagarello's paper [27] . 
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the eigenstates of the Hamiltonian H s and its conjugate Hj. In the set of eigenstates \ij}i n> e)) 
of H s , the bosonic states correspond to e = 0, while the phermionic ones |0( ni i)) correspond to 
e = 1. The boson operators a, a) and the phermion operators B, B* act on the number states 
as follows (to be compared with the corresponding action of boson and fermion ladder 
operators in the case of ordinary SUSY [23] ) : 

0#(n,6)) = Vn\4>(n-l,e)}, <^\^{n,e)) = V™ + 1| *l>(n+l,e) > , 

B \4>(n,0)} = 0, #|^(n,l)) = IVV,0))j 

B*\^ (n ,l)) =0, 5 # |^(„,0)> = l^(n,l))- 

The operator I? annihilates the bosonic states IVWo))) an d Bft maps these state onto the 
phermionic states IV'(n.i))- The boson-phermion ground state is |"0(o,o)) which satisfies the equa- 
tions 



a|V>(o,o)) =B\if> m ) = 0, (4.1) 
01-0(0,0)) = Q # l0(o,o)) =0. 

The operators Q and act on the states IV^n.i)) an d IV^n.o)) as raising and lowering operators: 



Q\i>(n,\)) = >/n(n-|- l)|^( n+li0 )), Q # |^(n,0)) = V^|^(n-l,l))- 

The operator Q maps phermionic states onto bosonic ones, and maps bosonic states onto 
phermionic ones. 

After having introduced all the ingredients, we construct the SCS \a,£) associated to the 
Hamiltonian ()3.2p as the orbit of the ground state (|4.ip under the action of a pseudo-unitary 
displacement operators D(a, £) which realize a pseudo-Hermitian generalization of the represen- 
tation of the Heisenberg-Weyl super algebra, generated by the boson and phermion operators 
a, a', B, B* and the identity 1: 

|a,f> =D(a, 01^(0,0)), (4.2) 

where a is c-number, /3 is real number, and £ is complex Grassmann number [281 \29\ [30], 131] . 
Let us recall that £ is nilpotent and anticommutes with its conjugate, 

£ 2 = o, c 2 = 0, + f £ = 0. (4.3) 

The integrations over £ and £* are performed according to the Berezin rules, 

J dC'd^C = 1, J d£*d££ = J d£*d£C = J d£*d£l = 0. (4.4) 

As in the fermion case [30] £'s commute with ordinary complex numbers and boson operators, 
and anticommute with phermion operators B and 

{£,B} = 0, {C,B}=0, {£,B*}=0, {C,B#}=0. (4.5) 

The pseudo-Hermitian conjugation reverses the order of all fermionic quantities, both the oper- 
ators and the Grassmann numbers: 

(B*Z + £*B) # =C'B + B*£. (4.6) 
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By using the Baker-Campbell-Hausdorff formulas [32] the displacement operators D(a, £) is 
written (up to a constant phase factor) in the form: 

D(a,0 =e("^*^^)e m, e- $B# e- a *V ?,B . (4.7) 

The pseudo-Hermitian adjoint D^{a,^) is given by 

D*(a,0 = e-^~ a * a+B# ^ B l 

In the last expression of D#(a, £), we have taken into account that for all the bosonic operators, 
the pseudo-Hermitian conjugation operation (*) coincides with the conjugation operation ('), 
which is expressed in the equation f|3.3|) as consequence of the fact that the bosonic operators at 
and a commutes with rj [16]. 

The displacement operator D is pseudo-unitary: D#D = 1 = DD&. The substitution of the 
expression (|4.7j) of D(a,{,) in the equation (|4.2|) yields the following expression of SCS |a,£), 

|a,e) = e-3^(|a,0)-e|a,l». (4.8) 
Here |a,0) are the standard boson CS (Glauber CS [33]) given explicitly by 



i ,2 °° „,n 

a, 0) = e~— \ _|^ ( 0) ), (4.9) 



n=0 



|-0(ti,o)) = \ n ) representing the Fock space for the standard bosonic harmonic oscillator. The 
states | a, 1) are the phermionic states given explicitly by 



H 2 » a 
\a,l) =e 2 \ |^ ). 

n=0 



In the limit £ = 0, the expression fl4.8f) of |q;, £) recovers the standard boson CS (|4.9h . i.e. the 
PH-SUSY superalgebra is reduced to the standard boson algebra. 
The Hermitian adjoint of \at,£) is 

(«,e|=e-^((a,0|+r(a,l|), 

and the inner product (a, £|a, £) 7^ 1, which is due to the nonorthogonality of the states \ip( n A), 
the latter property being a consequence of the fact that B# 7^ B\ 

Now we have to examine for (over)completeness the set of |a,£). One can check (using the 
rules (I4.3j) - (l4.6j) ) that the resolution of identity is not satisfied, because the states \ij)i n ,e)) do not 
form an orthogonal basis, which is a consequence of the non-Hermiticity of the Hamiltonian (13. 2\ : 



j \a, £){a, £| dfi(a)d£*d£ 7^ 1, d^{a) = da*da/ir. 



The useful way to solve this problem of the (over)completeness, is to use the main idea introduced 
previously for the case of pseudo-Hermitian CS in }25l 126] . which consists of introduction of 
a complementary pair of lader operators, such that the system of two complementary sets of 
CS forms the so-called bi-orthonormal and bi-overcomplete system. In this aim we introduce the 
second dual ladder operator B which is associated to W . The B and B form a complementary 
pair of lader lowering operators. B is related to the annihilation operator 6 of h via the similarity 
transformation: 

B = pbp' 1 . 
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Its action on the eigenstates of is 

B \<t>(n,0)) = 0, B |0(„,i)) = |<£(n,0)) • 

The operator 5 is nilpotent. The operator = pb^ p~ l is the creation operator for . In this 
way one obtains a second pair of phermionic lowering and raising operators B and B\ 

BB ] + B ] B = l, B 2 = B J < 2 = 0, (4.10) 

B^ \4>(n,l)) = 0, B ] \4>{ n fi)) = \4>(n,l)) ■ 

In view of the phermionic algebra (14. 10h we introduce new displacement super operators D(a, £), 

We build up now the second family of SCS |£, a) according to the above described scheme (see 
equations (jPj) . 

|«TS = 5(a,e) |0(„,o)> = e-i^(M) - £M», (4.11) 
where |^( nj o)) is the ground state of h\, \a, 0) and |a, 1) being given explicitly by, 



oo 



- — * Q;'" ■ | a p % OL 

|a,0)=e 2 2^-^=|0(„ iO )) , |a,l)=e 2 ^ |0(„,i), 

n=0 ^ n - n=0 V n - 



Since the eigenstates |0( n ,e)) °f are n °t orthogonal, the scalar product (a,£|a,£), like the 

previous one (a, £|a, £}, is different from 1. The two subsets of states an d are 

bi-normalized instead: 

(a,£|a,£) = (a,£|a,£) = 1. 

By means of the two type of states |a,£) and |a,£) the resolution of the identity is realized in 
the following way, 

J \a,€){a^\dv(a)d£*d£ = J \a£) {a, £\dfi(a)dC d£ = 1. (4.12) 



The equation ()4.12|) can be easily verified using the formulas of \a, £) and (equations fj4.8j) 

and ()4.1ip ) and the rules of integration (|4.4p . Thus the system of states ; * s °i- 

overcomplete in boson-phermion Fock space. It is this system that we call boson-phermion SCS, 
or more shortly pseudo-Hermitian SCS. 

We would like to emphasize that these SCS satisfy also the first definition of usual coherent 
states (CS) given by Glauber [33] as eigenstates of boson and phermion annihilation operators: 

a\a,g) =a\a,g), B\a, £) = £\a, £), 
a\a, £) = a\a, £) , B\a, = £\a, . 

Finally, in the limit of r/ = 1 (that is B# = £?'), our SCS recover the standard SCS for SUSY 
boson-fermion oscillator |23} 124] . In the double limits of ij = 1 and £ = 0, these SCS coincide 
with of the standard Glauber's CS [331 . 
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5 Concluding remarks 

In this paper, we have achieved some extensions in the framework of the pseudo-Hermitian 
quantum mechanics. We have extended the study of the Hermitian su(2) Hamiltonians to 
the case of non-Hermitian su(2) Hamiltonians with real spectrum. For such pseudo-Hermitian 
Hamiltonian system we established the metrics which allows the transition to the corresponding 
Hermitian Hamiltonian. The constructed metric operator depends on one real parameter as in 
the case of the su(l,l) approach, this time however the real parameter is not restricted by any 
inequality. 

We have also extended the supercoherent states (SCS) approach to pseudo-Hermitian su- 
persymmetric (PH-SUSY) system characterized by the boson-phermion oscillator [161 119j . The 
supersymmetric displacement operator method and the ladder operator method for construc- 
tion of ordinary SCS [23j El] are both extended to the case PH-SUSY systems. For the boson- 
phermion systems there are two complimentary pairs of ladder operators which have to be used 
to construct bi-orthonormal Fock states and coherent states. As a result the set of constructed 
SCS for the boson-phermion system consists of a pair of two (dual) subsets of states which are 
bi-normal and form a bi-overcomplete system in the corresponding Hilbert space. The states 
of each subset are eigenvectors of the boson annihilation operator and of the corresponding 
phermionic lowering operator. In the limit of Hermitian SUSY system our states recover the 
known SCS [231 EH- 

The PH-SUSY and pseudo-SCS scheme, developed in this paper for the boson-phermion 
systems, can be naturally extended and applied to study other (more general) PH-SUSY systems, 
such as system of pseudo-bosons [26] and fermions and system of pseudo-bosons and phermions. 
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